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ELLIPTIC PLANAR VECTOR FIELDS WITH DEGENERACIES

ABDELHAMID MEZIANI

ABSTRACT. This paper deals with the normalization of elliptic vector fields
in the plane that degenerate along a simple and closed curve. The associated
homogeneous equation Lu = 0 is studied and an application to a degenerate
Beltrami equation is given.

0. INTRODUCTION

This paper deals mainly with the normalization and integrability of a class of
smooth complex-valued vector fields in the plane. A vector field L in this class will
be assumed to be elliptic throughout except on a closed and simple curve ¥ along
which it is supposed to be tangent and such that L A L vanishes to a constant order
on Y. The questions considered here are those of integrability and normalization
of L in a tubular neighborhood of X.

We can assume that X is the circle {0} x S € Rx S! and that in a neighborhood
of 3, the vector field L has the expression
(0.1) L,= % —ar™a(r, 9)%,
with Re(a(0,8)) # 0 for every . The case n = 0 is now well understood (see [CGI,
[MT], and [M2]). The focus of this paper is then on the case n > 1.

To achieve a normal form for L,, we construct a C'*°-integral of L,, in a ring
As = (=6, §) x St. We use this integral to show that L, is C°°-conjugate to the
rotation invariant vector field R,, given by

o,

00 ZrP’(r) —nP(r) + pur® or’

where 1 € C and P(r) is a polynomial with degree at most n — 1 and such that
Re(P(0)) < 0. The polynomial P and p are uniquely determined by the vector

field L,,. It follows, in particular, that two distinct vector fields given by (2) cannot
be conjugate. A corresponding C'*°-integral of R,, is the function

(0.3) Fulr,0) = exp (e(r)" (P(r) + plog |r| + w)) :

T’I’L

(0.2) R, =

with e(r) = ‘:—| Note that since Re(P(0)) < 0, f, € C*°(As) (for § small enough)

and that it vanishes to infinite order along 3.
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Our motivation for seeking such normal forms is in the subsequent study of the
pde’s related to the structures defined by L. The normal forms allow us to write the
equations in such a way that they can be analyzed. Related papers about solvability
of vector fields near the characteristic set include [BCH], [BCP|, BgM1|, [BgM2],
[BhM1], [BLaM2], [M1], [M2], [NT], [T1], [T2] and many others (see the extensive
list of references contained in [T2]).

The organization of this paper is as follows. In Section 1, we set the preliminaries
and recall the main results of [CG], [M1] and [M2] about the case n = 0. In Section
2, we construct a unique series that is a formal solution of the equation L,u = 0.
The series has the form
P(r) . - j

-+ loglr| + 6 + ;f](e)r :

(0.4)

with p € C, P a polynomial with degree <n — 1, and f; € C°>(S?) (or in C*(S?)
when L is real analytic). In general, the series Y f;(6)r/ appearing in (4) diverges
for every r # 0. This is illustrated by an example in Section 3. In order to
construct a nonconstant C'°° solution of L,u = 0, we study, in Section 4, particular
CR equations. Namely, equations of the form

ow  f(2) ow ow

=~ and M(Z)E

©5) = e =

1
where the coefficients f(z) and p(z) are functions of order o(log™? —) for every

z
q¢ > 0. In Section 5, we use the series (4) and results obtained in| S‘ection 4 to
construct a C'*°-integral for L,,. The normal form (3) for L,, is obtained in Section
6. The kernel of the operator R,, is studied in Section 7. We prove that all C°-
solutions of R,u = 0, in a neighborhood of the circle r = 0, are C'"*° functions. This
result does not have a local counterpart. Indeed, for every p € X, the equation
R,u = 0 has continuous solutions defined in a neighborhood of p that are not C'*°.
For the distribution solutions, we show that if u € D'(As) solves R,u = 0 and has

support in ¥, then there are constants cg, - - - ,c,_1 such that
0.6 S 2Trajgb00d0 V¢ € D(A
(06) <u,¢>—j§cj/0 T00.000, Ve D)

In the last section we make use of the normalization of the vector Ly to study a
degenerate Beltrami equation.

1. PRELIMINARIES AND FIRST ORDER CASE

In this section, we give the preliminary settings and recall the normalization for
the case n = 0. Let

0 0

be a vector field in R?. We assume that the coefficients a and b, are C> or C¥
functions, are C-valued and that they do not vanish simultaneously. Let L be the
complex conjugate vector field

_ 9 -
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The vector field L is said to be elliptic at a point p if L and L are independent at
p. If L is elliptic at each point of an open set €2, then it is equivalent in 2 to the
CR vector field

O 10 id

9z 20z 20y
Denote by 3 the characteristic set of L. That is, the set of points where L fails to
be elliptic:

(1.3) Y= {pecR? Land L are independent}.

We make the following assumptions

(H1) X is a simple and closed curve;
(H2) L is tangent to X at each point p € 3;
(H3) L A L vanishes to a constant order n + 1 along 3.

It follows from the local representation of such vector fields (see [T1] or [T2])
that for each given p € 3, there are coordinates (s, t), centered at p, such that in a
neighborhood of the point p, the vector field L is a multiple of

(1.4) % —is"a(s, t)%
some real-valued function « satisfying a(0) # 0. It follows at once, that L satisfies
the Nirenberg-Treves condition (P) at each point on X (see [NT] or [T1] or [T2]).
These vector fields are thus locally integrable and locally solvable. In fact, the
function a of (1.4) can be assumed to be identically equal to 1 (see [CG]). Thus, a
vector field L satisfying hypotheses (H1), (H2), and (H3) can be viewed as follows:
in a neighborhood of a point p ¢ 3, L is equivalent to b and in a neighborhood of
+1

(‘j%' These vector fields are therefore

well understood when viewed locally. Their global behavior is, however, more com-
plicated. Our aim here is to obtain normal forms for L in a tubular neighborhood
of the characteristic set X.

From the assumption (H1), we can assume that ¥ is a circle, that L is defined
in R x S', and that

0
a point p € X, L is equivalent to Fole ix"

(1.5) ¥ = {0} x S*.
Let
(1.6) Lz&(r,@)% +ﬂ(r,9)%,

where (r,6) are the coordinates in R x S1. It follows from hypotheses (H2) and
(H3) that there exists § > 0 such that in the ring

(1.7) As = (=6, 0) x S*
the vector field L is a multiple of a vector field L,, of the form
(1.8) L, = % —ir"a(r, 9)%,

for some a € C*°(Ay) satisfying Re(a(r,0)) # 0 for every (r,0) € As. Without loss
of generality, we can assume that

(1.9) Re(a(r,0)) >0 Y(r,0) € As.
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The linear case n = 0 was studied in [M1] and [M2] and the study was completed
in [CG]. It is proved in [MI] and [M2] that the complex number

1 2

(1.10) a(0,0)dd € RT +iR

=5 i
is an invariant that characterizes Lg. It is shown in [M2] that if ITmA # 0, then
for every k € Z1, there exists a C*-diffeomorphism of As that transforms Lo to a
multiple of the vector field

(1.11) T\ = % — ir)\%.

When ImX = 0 (i.e., A € RT), it is also proved in [M2] that Ly is equivalent to
Ty but only under a C1*?-diffeomorphism for some 0 < o < 1. In [CG], the above
result about C* equivalence is extended to include the case A € R\Q.

In the real analytic category, it is proved in [MI] that Lg is C¥-equivalent to T,
if the equation Lyu = 0 has a nonconstant C* solution. This is equivalent to saying
that the holonomy group of ¥ is periodic. It is proved in [CG] that, when A\ € R\Q
and A satisfies a certain diophantine condition (Bruno condition), the vector field
Lg is C%-equivalent to T). It is also proved that there are C* vector fields Lg with
A € R not satisfying the Bruno condition such that Ly is not C equivalent to T).

2. FORMAL INTEGRABILITY

We show that a vector field L,, as in (1.8) has a formal integral. First, we rewrite
the vector field in more suitable coordinates.

Lemma 2.1. There is a C* change of coordinates that transforms L, into a
multiple of

a - n+1 2
(2.1) 90 " (co + e(r, 9))(%,

where co = 1+ i € C, and c(r,0) € C>®(As) satisfying ¢(0,0) = 0. (The change
of coordinates is C¥ when L is C*.)

Proof. With L,, as in (1.8), consider the 1-form w given by

(2.2) w = dr + ir"ta(r, 0)db.

With our assumption Rea(r,) > 0, we have

1 27

(2.3) a(0,0)dd = a+ib € RT +iR.

:% )

Since n > 0, we can replace r by r1 = ¥/ar in such a way that in the new coordinates
(r1,6) we have Re(\) = 1. Hence, from now on we can assume that

(2.4) a(r,0) = 14 iby + v1(0) + iv2(0) + ras(r, 6),

where by € R, a3 € C*(4s), and 71, 72 € C>(S1) are R-valued and have averages
on S* equal to 0, i.e.,

27
(2.5) / ()0 =0, k=12
0

Consider the new angle ¢ defined by

0
(2.6) p(0) =10 +/0 71 (s)ds.
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It follows from the hypothesis on a that ¢'(6) > 0 and from (2.5) that ¢(0 4 27) =
#(0) 4+ 2m. With respect to the coordinates (r, ¢), the form w has the expression
(2.7) w=dr +ir" (146 —ix(¢) + O(r))dg,

with 8 € R, x € C*°(S1), real valued and with zero average on S'. Consider the
new variables (p, ¢) in As, where

[
r
2.8 =— with m 2/ s)ds.
(2.8) R =[x
A calculation shows that
d
dr + 1" y(¢) = L

V14 nprm(¢)

In the (p, ¢) coordinates, the form w is a multiple of
dp+ip" (1 +iB + O(p))do.
Consequently, L,, is a multiple of a vector field given by (2.1). O

From now on, we will assume that L,, is given by (2.1). We will show that L,
has a formal first integral. More precisely, we have the following proposition.

Proposition 2.1. Let L,, be as in (2.1). Then there exist unique constants u € C,

Q_p,y a1 € C and a unique sequence of functions f;(0) € C>(S'), j € ZT,
such that the series
(oo}
a_p g . ;
2.9 9) = e —/—— 1 0 (0)r7
(29) 0= O oglel +i64 Y £(0)r

j=1
solves formally the equation L, f = 0.

Remark 2.1. By a formal solution of the equation L,u = 0, we mean the following.
For each N € Z*, the function fy defined by

N
a_p a_1 . i

2.10 )= —+- -+ — 1 6 i(0)r’

@0 Iy = e S ol +i0+ Y00

satisfies L, fxy = o(r™).

Remark 2.2. When L, is real analytic, the functions f;(6) € C*(S%).

Proof of Proposition 2.1. The Taylor expansion of the coefficient of L, given by
(2.1) is

(2.11) To(co + ¢(r,0)) = > c;(0)r7,
j=0
i 10c i
with ¢;(8) = ﬁ%(o, 0). We write
(2.12) c;i(0) = ) +;(0),
where
1 2
(2.13) A== c;(0)do.



4230 ABDELHAMID MEZIANI

Note that c¢g = 1 + i3, 70 = 0, and that since for j > 1, the average of ;(6) on S*
is zero, then

0
(2.14) / vi(s)ds € C>(Sh).
0
In order for the series (2.9) to formally satisty L,u = 0, we need to have
. = ; . n+1 = 0 ey —Q_1
1+ ; fi@)r? —ir" g(cl Fy(0)r [W 4ot .

(2.15) N
+ 5> =o.
J=1

After grouping like terms and equating to zero the coefficient of 7™, we obtain the
following equations:

(2.16) 1+na_nco =0, form=0;
n

(217)  fl+ Z ik k(o i+ Ym—ntk) =0, form=1-- n—1;

k=n—m

(2.18) 1l —icop + Z ika_g(c) +,) =0, for m=n;
k=1

n
Fro = U A Ym—n) + > (s + Ymntk)

(2.19) oo
- Z z'k:fk(cgn_n_k + Ym—n—k) =0 form>n+1.
k=1
It follows from (2.16) that
-1
2.20 n=—
( ) Q—n o

is uniquely determined. We set m =1 in (2.17) to obtain

(2.21) F(6) = ~i((n — Da—u1yco + na_n(ed +71(0)).

It follows from (2.14) that this equation has a 2w-periodic solution fi(#) if and only
if

(2.22) (n —1)coa_(n_1) + na_ncd = 0.

This determines a_(,_1) uniquely. For this value of a_(,_1), the function f; €
C®°(S1) is determined up to an additive constant of integration K;. By induction,

suppose that there are unique constants a_,,- -+, a7, with I <n — 1 so that the
differential equations in (2.17) for m = 1, - - , [ have 2w-periodic solutions fi,--- , fi
that are determined up to additive constants K7, --- , K;. For m = [+ 1, we obtain

the equation
fl41(0) = —i(n — (I + D)a—(n—a41))0

(2.23 ~
) — Z ik k(i1 nyk + VNa1—ntk(0)).

k=n—I
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It follows from (2.14) that equation (2.23) has a 27-periodic solution f;; (deter-
mined up to an additive constant) for the unique value of a_,,—(41)) given by

n
(2.24) (n—(I+1)co0—(nqr1y + > ko_pcliy =0
k=n—I
This shows that there are unique constants «_,, -+ ,a_1 so that equations (2.17)
have 27-periodic solutions fi,---, f,_1 that are determined up to additive con-
stants.
Now that a_,, -+ ,a_1 are determined, there is a unique constant y given by
n
(2.25) —cop+ Y ka_pc) =0
k=1

so that the equation (2.18) has a 27-periodic solution f,,(6).
For m = n + 1, equation (2.19) has a 2w-periodic solution f,41(6) if and only if

2m n
(2.26) / </LC(1) + Z ka kel — fl(H)CO) do = 0.
0

k=1

There is a unique choice of the constant K; for which equation (2.26) holds. For
this choice of K (so fi is now uniquely determined), f,y1 is determined up to
an additive constant. By induction, suppose the functions fi,--- , f; are uniquely
determined so that equations (2.19) have 2m-periodic solutions fy, 41, , fny: de-
termined up to additive constants. The equation for m = n+1[+1 has a 27-periodic
solution f, ;41 if and only if

27 27 n
(D60 [ fiaa(0) = [ (mpes + Y kol )0
(2.27) =t

l 27
Y / kL (0) (41 + i 1-(6)) ).
k=170

There is a unique constant K;41 (so fi11 is uniquely determined) for which (2.28)
holds. This completes the proof of the proposition. O

3. AN EXAMPLE

We give an example of a real analytic vector field with n = 1 for which the series
solution constructed in the previous section diverges for every r # 0. Consider the
vector field

_90 .o i0
(3.1) Ll_ao ir (14 re”)—.

We have the following proposition.
Proposition 3.1. For the vector field Ly of (3.1), the series

(3.2) F(r,0) = % + uloglr| +i0+ 3" f;(0)r7,
j=1
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with f; € C*(S1), solves formally Lyu = 0, if and only if
a1 =1, pu=0, fi(6)=¢? and

(3‘3) i6 - ik0
£i0) =G =D+ fre™, forj=2,3,---,
k=2

where fj, are constants. Consequently, the series Z;‘;l 1;(0)r7 diverges for every
r # 0.
Proof. Tt follows at once from Liu = 0 that

i(14 o)+ (f] +ia_1e —ip)r + (f5 — ipe® —ify)r?

(3.4) £ (P i — D) fs — il — 206 fya) 7 =0
m>3

Hence o1 = —1 and then

(3.5) 1) —ie? —ip =0

has a 2m-periodic solution only when p = 0. In this case

(3.6) f1(8) = + K.

By equating the coefficient of 72 to 0, we get

(3.7) f3(0) =if1(0) = ie" +iK,.

This equation has a 27-periodic solution if K7 = 0 and then

(3.8) f2(0) =€ + K.

By equating the coefficient of 72 to zero, we see that f3 exists only when K, = 0
and then

) 1 ..
(3.9) f3(0) = 2% + §e2’9 + K.

By induction, suppose that f; has the expression given in (3.3) for j =1,--- ,m—1,
then it follows from (3.4) that

Frn(0) = (m = 1)ifi—1(8) + (m — 2)ie” f,_2(6)

3.10 b=
( ) = (m —1)lie? + Z dypee™*?
k=2
with d,,, constants. Expression (3.3) for f,, follows at once.
To complete the proof of the proposition, observe that if Y f;(6)r’ has positive
radius of convergence, then the function

LT A=
(3.11) M(r) = %/O ; £(0)r7 | e dp
would be real analytic at » = 0. But it follows from (3.3) that
(3.12) M(r)y=> (j—1)W
j=1

with radius of convergence equal to zero. Il
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4. SOME RESULTS ABOUT THE CR OPERATOR

We will prove some results about the CR equation that will be needed to con-
struct a C* integral for L,. Consider the space of functions defined in the disc
D(0,R) C C by

(4.1) En = {f € c=(D(0, R)\0); f(2) = 0(10g—q%) Vg > 0}.

Lemma 4.1. Let f € Er and let

- SO
) 1= [ fy 50

where ( =& +in. Then there is Ry < R such that zg(z) € ER, .

Proof. Since f € Eg, then it is not difficult to see that g is C for z # 0. We need
only to show that for a given ¢ > 0, zg(z) = o(log™? ) Let

(4.3) D(0,R) = A1 UAs UAzU A4,
where
Al D(Oa%)a A2:D(z7%)7
_ . 12 2l | a1 2]
(4.4) Az ={C: 1< ¢ — 2| < 1 log B and || > 1 }
1
Ay={(: |Z| <[¢|<R and |{—z|> M1ogq+1 —L

4 K
We have
lzg(2)] < |Z|Il + |z\I2 + 2|15 + |z|14 with

(4.5) o
A = LAY

To prove the lemma, we need only to show that

1
(4.6) Jim |2|1; log® Eie 0 forj=1,234.

For ¢ € Ay, we have | — z| > |z| — || > ~ |z\ and so

o hs g [ [ G e

Since f € Eg, then for every s > 0 there exists Cs > 0 such that

o1
(4.8) |f(Q)] < Cslog ISk V¢ e D(0,R).
Hence,
4C, 42 dédn
I =< +2 1
320 J Ja, IcP10g"
(4.9) 121/
< 87'('Cq+2 / dr _ 8’/ch+2 lo —(q+1) i
3z Jo o rlogt™*L o 3lzf(g+1) El

and (4.6) holds for j = 1.
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Ed

For ¢ € Ay, we have 1< I¢] < g|z\ Thus,

1 16 L4
(4.10) 2 < e and log™* ‘C| <log™ BER
It follows that
I < 16ng+1 <1 —(g+1) )// dfdn
) B i) S S
81Cq+1 ) ~(a+1)
2| 5IZ\

and (4.6) holds for j = 2.
For ¢ € A3, we have

1 16
4.12 <
) 7 = TP
We also have

1 1
(4.13) €1 [21+16 =21 < [#I(1 + Flog’ 1) < V]
(we are assuming |z| small). Thus
1

(4.14) log~ ' — < 2log™! —

|C| |2
and

1
I C — [ lo —(2¢+1) )d d
3 < 2“1//A3 Pl — 7] ( REASK

< 16C2g11 g1 <1og<zq+1 ) / / dﬁdn
=P 1) ) Jag ]

Using polar coordinates in the last integral, we have

ded (121/4) log? 3 1
(4.16) // 5 77 <2 / dr = |i|(10g‘1— —1).
Ag, |z|/4 4 |2

Therefore,

2q+1
(4.17) I3 < % (log(Zqul) ﬁ) (logq 1 _ 1)
z z

(4.15)

and (4.6) holds for j = 3.
Finally, for ¢ € Ay, we use

|2| 11
— 2| > Zlloghtt =
¢ —2[> 7 log ]

to obtain

L 1 Q)] 1B (| e 1
118)  Li<— (1 <q+1>_) ded —(1 (‘”)—),
(4.18) 4<z|(0g ] //A e @<y les

where

o) b [ Uy <
po,r) ¢l
Therefore (4.6) holds for j = 4 and the lemma is proved.
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Theorem 4.1. Let f € Er. Then the CR equation
(4.20) Ow _ 1)

0z =z

has a solution w € ER.

Remark 4.1. Note that, in general, for f € ER, the function i e L? but i ¢ LP for

z z
any p > 2. Hence the classical results about the solvability of the inhomogeneous
CR equation cannot be applied here.

Proof of Theorem 4.1. The function

421)  o(z) = %//D(O N 1) dean e c=(D(0, R\0) N C1(D(O, R)).

(—z

That v is in C*°(D(0, R)\0)NC?(D(0, R)) for any 0 < o < 1 follows from classical
theory (see [V], Chapter 1); that v is C! at 0 follows from a result of [B], Chapter
2. We have

Z’?v —1
4.22 d dn.
(422 / Joom @ %5
Let
4. =v(z) —v(0) — =— d d
(12)  u(z) = (=)~ u(0) / Lo i yin
The function w solves

ou  Ov

(4.24) el e O}

Therefore, it follows from Lemma 4.1 and from (4.24) that the function
w(z) = u(z) € FEgr
z
and solves equation (4.20). O
Lemma 4.2. Let f € Er. The function

_ f(Q)
(4.25) Pf(z) = //D(O’R) = z)2d§d77,

where the singular integral is understood in the sense of the Cauchy principal value,
satisfies

(4.26) Pf(z) — Pf(0) € Er.

Proof. We know that if f € Eg, then Pf is C* away from 0 (see [V], Chapter 1 ).
To prove the lemma, we need only to show that for a given ¢ > 0,

(4.27) lim (Pf(2) — P(0)) log’ |—1‘ =0.

We can rewrite (see [V], page 58)

Pz = //D(OR) ¢—2) C)dgd

_z//mC2 dﬁdn—ﬂf()

(4.28)
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(in fact, in [V]) there is an additional term defined by an integral over the boundary
which is equal to zero in our case since D(0, R) is the circle). We then have

(4.29) [Pf(2) = PO)] < |21y + [2]Io + 7| f(2)],

where

f(2)]
(4.30) I, = =~ d&dn d I ————d&dn.
//D(OR) |C—Z| q ¢ an 2 //D(OR) I¢]2 |C—Z| s

Since f € ERg, to prove the lemma, we need only to show that

1
(4.31) lir% |2|I1, log? B =0 for k=1,2.
z— z

For k = 2, (4.31) holds by Lemma 4.1. To prove it for k¥ = 1, notice that since
f € Eg, then

(4.32) 1£(0) — £(2)| = olog ™ ﬁ) Vg >0

. . r
uniformly in z. Hence for |z| < 30 e have

(433) I = // fr+2) ddt<// UG
D) TP |T+Z| ©02r) ITI?|T + 2]

where we have set 7 = s + it and h(7, z) = f(z + 1) — f(2). It follows from (4.32)
that h(.,z) € Er and so (4.31) follows again from Lemma 4.1. O
Theorem 4.2. Let u(z) € Eg. The Beltrami equation
ow ow
4.34 —— = -
(134 2 = o)
has a solution of the form
(4.35) w(z) =z(1+ K(2))
with K(z) € ER.
Proof. It follows from classical results that any solution of (4.34) is C*° away from
0 (for R small enough) and it follows from [B] (Chapter 3) that equation (4.34) has

a C' solution that is a local diffeomorphism at 0. The local diffeomorphism can be
constructed as follows (see [V], Chapter 2). Let

(4.36) w(z) =z +Tf(2),
with f satisfying the integral equation
(4.37) F(2) = W (2) = (),

where T and II are the integral operators

_1 f(Q)
o //D(O,R) C—dedm
_ 1 f(Q
2= ™ //D(O,R) (e Z)2d£dn'

Furthermore, the function f is obtained as the limit of the sequence f,, defined by

(439)  fo=0 and fuii(z) = p(2)IIfa(z) + p(z) forn> 0.

(4.38)
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Each f, is in Er and so is f. The function

Tf(z)—Tf(0 -1

solves the equation
v

(4.41) P £
It follows from Theorem 4.1 that
(4.42) Ki(z) =v(z) —v(0) € Eg.
Hence,
(4.43) w(z) =2z+Tf(z) —Tf(0)
has the desired form. O

5. A C° INTEGRAL

We construct here a C* integral for L,, defined in a tubular neighborhood of
the characteristic circle. More precisely, we have the following theorem.

Theorem 5.1. Let L, be as in (2.1) and for § > 0 let
(5.1) As = (=0, ) x S*, Af=(0, 6) xS, Ay =(-6, 0) x S".
Then there is 6 > 0 and h € C*°(As) such that

(¢ ) h is flat along the circle {r = 0};

() h: AF — h(A¥) is a diffeomorphism; and
(12 ) L,h=0.

The rest of the section deals with the proof of this theorem. Let

(5.2) P) + plog|r| +i6 + Z fi(0)r?

Tn
j=1

be the series constructed in Section 2, where P is the polynomial of degree <n —1
given by

(53) P(T) =0_nta_ppir+---+ Oé_l’l“nil.

Note that

(54)  PO0)=—=——1_ and Re(P(0))= ——— <0
. ncg n(l+ipB) an ‘ N n(1+ 32) :

Let g(r,6) € C*(As) be such that

(5.5) @(0 0) = jlf;(0) Vj ezt

. 8TJ 9 - ]' J bl j .

Thus the Taylor series of g with respect to 7 is Y. f;(#)r7. Let
P

(5.6) m(r,0) = % + plog|r| + 0 + g(r, 6).

The function m is C*° in R x R for 7 # 0 small, and it satisfies

(5.7) m(r,0 + 2m) = m(r,0) + 2n Y(r,0).
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It follows from Proposition 2.1 and from (5.5) that L,m is flat along r = 0. That
is,

(5.8) L,m(r,0) = o(r?) Vg > 0.
Define a function f € C*°(A4s) by

(5.9) f(r,0) = exp(e(r)"m(r,0)),
where €(r) = % The function f satisfies

(5.10) )] = 0fexp( LT,

Consequently, f vanishes to infinite order along r = 0 since Re(P(0)) < 0.
Lemma 5.1. There exists 6 > 0 such that the maps

(5.11) fi A7 — JA47),

defined in (5.9), are diffeomorphisms.

Proof. We will prove the lemma for A;r. We need only to show that there exists
6 > 0 for which f is injective in A;{. Consider the equation

(5.12) f(r,0) = f(p, ).
By equating the real and imaginary parts we obtain
Pi(r) + par™logr +1"g1(r,0) _ Pi(p) +pap"logp + p"g1(p, ¢)
rn pr
L o) & par™logr + rga(r,6) ot Pa(p) + p2p™ logp + p"g2(p, )
rn pr

)

(5.13)

where we have set
p=p1+ipe, P=P+iP, and g=g1+igs.
The first equation of (5.13) can be rewritten as
(5.14) ! = P .
Y/=Pi(r) — partlogr —rigy(r,0)  X/—Pi(p) — prp™log p — p"g1(p, ¢)

We have then, from the implicit function theorem, that for ¢ small enough (5.13)
has a solution of the form

(5.15) p=r(l+ra(r,d)) and ¢=20+rG(r0).

Now, it can be proved that f is a local diffeomorphism in a neighborhood of each
point (r,8) with r # 0. This, together with (5.15), imply that the functions a and
0 are identically zero and so f is injective on A(J{. A similar argument shows that
f is also injective on Ay . O

Since f is flat along r = 0, it follows from Lemma 5.1 that there exists R = R(J)
such that

(5.16) (D(0,R)\0) C f(A¥) c C.
Let
(5.17) L* = f.L,

be the pushforward to f (A(Si) of the vector field L,, via f.
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Lemma 5.2. There exist a function A(z) € Er, where Eg is the space of functions
defined in (4.1), and a function B(z) with

1
B e C®(D(0,R)\0) and B(z)log!/™ (m) is bounded
such that the vector field L defined by (5.17) can be expressed as
o0 2 0
1 Lt =2A(2) 2 — =2(1+ B(2)) == -
(51) ()42 — =20+ B() 5

A similar expression holds for L~ .

Proof. Since z = f(r,8), then it follows from (5.10) that there exist positive con-
stants a and b such that

K K
(5.19) aexp(—~(2)") < [¢] < bexp(~(5)),
where we have set kK = {/—P;(0). Equivalently,
(5.20) l’ilOgi% L2 <r < /Qlog*% a

|2 |2
Let
0 0

+ = _ _
(5.21) L™ =X(z) P +Y(2) 5%
where
(5.22) X(2) = (Laf)(f7H(2)) and Y (2) = (Laf)(f 7 (2)).
Using f(r,0) = expm(r,8), we get
(5.23) L.f=fL,m and L,f= fL,m.
We know that L,m is flat along r = 0, and

L,m = (g (e O(r))g)(P(T) —i0 +mlogr + O(r))
— —i+incyP(0) + O(r) = ’cfz +0(r).
0
Hence, it follows from (5.22), (5.23) and (5.24) that
(5.25) X(2) = 24(z) and Y(z) = _?2’2(1 + B(2)).
0

That A € ER follows from (5.23), (5.20) and (5.8). That B satisfies the conditions
of the lemma follows from (5.22), (5.24), and (5.20). O

We are going to construct a solution to the equation L,u = 0 in A;’ in the form
u= f(r,0)(1 + k(r,0)), where f is defined by (5.9) and where k is a C*° function
vanishing to infinite order along » = 0. The function k£ will be defined as

(5.26) k(r,0) = Ko f(r,0)
where K(z) is a solution of the equation
(5.27) LT(z2(1+ K(2))=0 in D(0,R),

and where L™ is defined in (5.18).
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By using the expression of LT given in Lemma 5.2, we find that the function
U =log(1 + K) must solve the equation

ou  M(z) = ou

where we have set
coA
(5.29) M(2) oAl o op

~ 2i(1+ B(2))
To solve (5.28), we first consider the Beltrami equation

w =z ow

Since this equation has a coefficient in ER, then it follows from Theorem 4.2 that
it has a solution w of the form

(5.31) w(z) = z(1+s(z)) with s Eg.

With respect to the new complex variable w, equation (5.28) becomes

(5.32) ?’9_;] = %,
where

wM
(5.33) N(w) = m

Hence, N € Er and by Theorem 4.1, equation (5.32) has a solution U(w) € Ej.
The function

(5.34) K(z)=exp(U(w(z)))—1 € Eg

solves (5.27) and consequently, the function k(r,8) given by (5.26) is flat along
r =0 (thanks to (5.20)) and

(5.35) Ly (f(r,6)(1+ k(r,6))) =0 in A},

A similar argument gives a solution to the equation L,u = 0 in Ay of the form
u= f(1+ fc) with k flat along 7 = 0. We define h in As by

h(’r, 9) _ {f(’/’, 0)(1 + k(’f‘, 9)) ifr> 07

(5.36) f(r,0)(1+k(r,0)  ifr<o.

It follows from the construction of k and k that if § is small enough, then h satisfies
all properties of Theorem 5.1. This completes the proof.

Remark 5.1. The integral h(r, ) constructed above has the form

(5.37) h(r,0) = exp (e(r)”(# + plog |r| + 46 + I(r, 9)))

with [ € C*°(As) and 1(0,0) = 0. In general, [ is not real analytic, even when L, is
real analytic (see Section 3).
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6. NORMALIZATION

We make use of the first integral constructed in the previous section to find a
normal form for the vector field L,,.

Theorem 6.1. Let L, be a vector field as in (2.1). Then there exists a unique
polynomial P(r) with Re(P(0)) < 0 and of degree < n — 1, and there exists a
complex number p such that L, is C°°-conjugate in a ring As to the vector field
L rot? 9

00  rP'(r)—nP(r)+ urm or’

with a C™ integral given by

(6.2) fu(r,0) = exp <e<r>"<

where €(r) = ﬁ

(6.1) R, =

P(r)

rn

+ plog|r| + 20)) ,

To prove the theorem, we use the first integral h(r, 8) given by (5.37). Our aim
is to find new coordinates in which the function I(r,#) is identically zero. Let

P(r .
(6.3) A(r) = # +iplog|r| .
We decompose the functions into their real and imaginary parts:
(64) A=A —I—iAg, P=P +iP, [=11+1ils, W= + ie.

Lemma 6.1. The equation

(6.5) Ai(p) = As(r) + la(r, 0)

has a solution p € C*°(As) of the form

(6.6) p=r+r""3(r0) .

Proof. Equation (6.5) can be rewritten as

(6.7) P - !

(=Pi(p) = prpalog|p) /- (=Pr(r) —rmpa log fr| = rmla(r, 0)1/
It follows at once from the implicit function theorem that (6.7) has a solution

p =1+ o(r). We write this solution as p = r(1+ a(r,#)) and solve for the function
a. By rewriting (6.5) for the unknown «, we get the equation

(6.8) G(r,0,a) =0,
where G is a C* function defined for |r| < 4, |a| < §, and 8 € S* by
(6.9) G(r,0,a) =1+ a)" (Pi(r)+r"l1(r,0)) — Pi(r(l+ «)) — prr™ log(1l + ).

Since

oG

(6.10) 8_04(07 0,0) =nP(0) #0,
and
J
(6.11) %(0,0,9)20 forj=0,---,n,

the solution « satisfies & = o(r™). This proves the lemma. (]
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Lemma 6.2. Let p(r,0) be a function as in (6.6). Then
Py(r)  Pa(p)

logr —logp € C*(As) and o o € C™(As),06.12

where Py is the imaginary part of the polynomial P. Furthermore, the functions
given in (6.12) vanish along r = 0.

Proof. For p as in (6.6), we have
(6.13) logr —log p = —log(1 4 ")
which is clearly C*° for r small and vanishes for » = 0. We also have

Py(r)  Py(p) _ (L+r"MB)"Py(r) — Pa(r(1+ T”*lﬁ)).

(614 " p" N (14 retig)n

Since

(6.15) (11" B)" Ba(r) = Po(r(1 4771 )) = o(r™*),

the conclusions follow. d

Proof of Theorem 6.1. Let p be the solution (6.6) of equation (6.5). With respect
to the coordinates (p, ), the function h(r, ) has the expression

(6.16)
000.6) = exp [e(o)" (2 4 ool 60+ 22 + ool 500,60 |

where s is given by

(6.17) s(p,0) = l2(r,0) + pa(log |r| —log |p|) + Piir) - PZELP)~

It follows from Lemma 6.2 that s € C*°(As) and that s = 0 along p = 0. Finally,
if we take as a new angle,

(6.18) 6 =0+ s(p,0),

then with respect to the new coordinates (p, ¢), the function h has the desired form
(6.19) hp,0) = exp (e(p)"(A(p) + i6))

whose annihilator is the vector field R, (p, ¢) given in (6.1). O

For a real analytic vector field L,,, the normal form R,, can be achieved under a
real analytic diffeomorphism only when the formal integral constructed in Section 2
converges for some r # 0. Under the assumption that the formal integral converges,
the proof of the C'“-conjugacy is identical to that given above. We state this as the
following theorem.

Theorem 6.2. Let L, be a real analytic vector field as in (2.1). Suppose that the
corresponding formal solution converges for some r # 0. Then L, is C*-conjugate
i a ring Ag to the vector field

9 . rt 9
00 Z7"P’(7") —nP(r) 4+ prm or

(6.20) R, =
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7. THE KERNEL OF R,
We determine the structure of the solutions of the homogeneous equation
(7.1) Ry,u=0
in the ring As = (-4, 6) x S*.

Theorem 7.1. Let f, be the first integral given in (6.2) of the vector field R,,. A
function u € C°(As) solves (7.1) if and only if there exist holomorphic functions
H* defined in a neighborhood of 0 € C, with H+(0) = H~(0), such that

(7.2) u(r,0) = HE o f,(r,0)  V(r,0) € AT,

where AY = As N {r >0} and Ay = As N {r < 0}. Consequently, any C°-solution
of (7.1) is C*°.

Proof. The pushforward of u in Ag‘ via the first integral f,, is a function HT defined
in fn(Ag) that satisfies the CR equation HS = 0. Hence, H* is a bounded holo-
morphic function defined in a neighborhood of 0 € C. Therefore, u = HT o f,, in

Af. A similar result holds in Ay . That H*(0) = H~(0) follows from the continuity
of u and that u is C* on r = 0 follows from the flatness of f, along r = 0. (]

Remark 7.1. Theorem 7.1 does not have a local counterpart version. For every

p € ¥ there exist C° solutions of L, u = 0 defined in a neighborhood of p that are

not C°°. For example, for a given branch of the logarithm, the function (z+iz2t)3/?
is not C'*° in a neighborhood of 0 and it satisfies the equation

( o . 2? 0

S S

ot 1+ 2ixt Oz

(we refer to [T1] and [T2] for the local solvabilty of vector fields).

Ju=20

The next result describes the distribution solutions of (7.1) that are supported

by the characteristic circle 7 = 0. The analogue question for the vector field Lg is
treated in [BhM?2].

Theorem 7.2. Let u € D'(As) with supp(u) C {r = 0}. If u solves (7.1), then

there exist constants cg,- -+ ,cn_1 n C such that
n—1 27 6J¢
(7.3) o =3 o | 500w voena,.
j:
Proof. The transpose of R,, is the operator
(7.4) R = ~29 +ir +162(7“)§ +i(r" T Q(r)),,
where
1
Q(r) =

rP'(r) —nP(r) + prn’
First, we verify that a distribution w given by (7.3) solves equation (7.1). For
j=0,---,n—1,let u; € D'(As) be defined by

2m aqu

(7.5) (wiro) = [ 550,000 voeD(Ay)
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For ¢ € D(As), we write

(7.6) o(r,0) = i L(0)r* +0(r™), 1,(0) € C>=(Sh).

It follows that

(7.7) Rip=— Zz’ r*+00m).
Therefore,
YR o

and
. 27 ajR* 27 , -
19 (Rouy0) = (. Rog) = [ Za000a0 = it [ 000 <o

Hence, u; solves (7.1) and so does any linear combination given by (7.3).

Let u € D'(As) be a solution of (7.1) and supp (u) C {r = 0}. Suppose that
u has a transverse order m. Since R, is elliptic in the tangential direction along
r = 0, then there exist ag(f), - - ,a,,(8) € C(S*) such that

(7.10) (u, ¢) = Z/% 8% (0,0)d6.

We prove that the order m must satisfy m < n — 1. By contradiction, suppose
that m > n. Then a,, # 0 and there exists p € Z such that

2
(711) | antre7as 2o,
0
If p # 0, we let ¢ € D(As) be of the form
(7.12) o(r,0) = ePPr™ 4 o(r™).
Then
(7.13) Ry = —ipe™’r™ + o(r™)
and
J %
aRT,Lgé(O,H):O ifj=0,...,m—1,
(7.14) Or?
amR:gﬁ 17eipf
5ym (0,0) = —mlipe

It follows from (7.10), (7.11) and (7.14) that

(7.15) (Rou, @) = (u, R% ) = /O " 4 (0) (—mlipei®®)df £ 0.

This contradicts the hypothesis R,u = 0 and shows that m < n — 1 when p # 0.
In the case p = 0, we consider ¢ € D(As) independent of § and given by

(7.16) ¢(r,0) =g(r) =r""" 4+ o(r™™")

with g € D((—0, 0)). We have (by using (7.4)) that

(7.17) Ryo(r,0) = id%(T”“Q(T)g(T)) = i(m+1)Q0)r"™ + o(r™).
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Consequently,
dRyg
87“’: (0,0) =i(m+ 1)!Q(0) # 0.
A similar argument shows that in this case, we also have (R,u, g) # 0. This shows
that the order of a distribution solution supported by the characteristic circle needs
to be <n-—1.
Next, we prove that the coefficients ag(6),- - ,am(0) given in (7.10) are con-
stants. For ¢ € D(As), we have

0,0)=0 ifj=0,....,m—1,

(7.19) 0= (Rnu, ) = JZO /0 v a;(0) ajalff%¢(o, 0)do.
We write
(7.20) o(r,0) = Zm: L (0)r" + o(r™).

k=0
Since m < m, it follows from (7.4) and (7.20) that for j =0,--- ,m,
(7.21) ajR:“gb(O,@) = jW(0).

ord
For a given k < m, let ¢, € D'(As) be such that
(7.22) Oi(r,0) = L (0)r" + o(r™).
Equation (7.19) together with (7.21) gives

(7.23) 0= (Ryu,¢r) = k! /O 7 a(0)1,.(0)d6.

If aj, were not constant, then there would be p € Z with p # 0 such that

(7.24) /0 7 ar(0)e?’dh +£ 0,

and in this case if we select fi,(0) = ¢’ then (7.23) will be violated. This shows
that ag, - - -, a,, are constants. O

8. A DEGENERATE BELTRAMI EQUATION

The Beltrami equation ws = p(z)w, has been studied in the elliptic case |u(z)| <
K < 1 for all z in a domain of C (see [V]). However, very little is known when pu(z)
is not uniformly bounded away from 1. In this section, we consider this degenerate
situation and show that it can be understood in terms of the vector field L,, with
n = 0.

We start with a vector field V' defined in a disc D(0,6) C C by

0 0

8.1 V =A(2)7— + B(2)—,
(81) ()5 + B(s) o=
where A, B € C'(D(0, R)) satisfy
(8.2) |A(2)| = O(|z[™) and  |B(2)| = O(|z[")
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with m,n € ZT such that

(8.3) n<m<l.

Assume that there exist constants a,b > 0 such that

(8.4) alz" < |B(2)]* = |A(2)]* < ble]*".
The equation Vw = 0 is equivalent to the Beltrami equation
(8.5) wz = p(z)w.,

with

(56) ) =~ 50)

It follows from hypothesis (8.4) that

(8.7) lu(z)] <1 for z # 0.

Hence, equation (8.5) is elliptic in a neighborhood of each point z # 0, but
limsup,_,, |#(%)| might be equal to 1. We will show that this degenerate Beltrami
equation has a solution which is a local homeomorphism at 0.

Theorem 8.1. Let u(z) be given by (8.6) with A and B satisfying (8.4). Then
there exist § > 0, o > 0 and a function

(8.8) w € C'TYD(0, R)\0) N C?(D(0, R))
such that w solves the Beltrami equation (8.5) and
(8.9) w: D(0,R) — w(D(0,R))

is a homeomorphism.

Proof. First, consider the case m > n. It follows from the hypotheses that
(8.10) u(z) € C'(D(0, R)\0) N C™=""1*7(D(0, R))
for any 0 < 0 < 1 and that x(0) = 0. This is a classical Beltrami equation and a
diffeomorphic solution w can be found in D(0, R). With w of class C!*! away from
0, and of class C™ "% at 0 (see [V]).

Next, in the case m = n, in which there is an effective degeneracy, let
A(z) = An(2) + O(|2["),
B(z) = Bu(2) + O(|2|"")
with A,, and B,, homogeneous polynomials in z and Z of degree n. We use polar
coordinates z = re'? to express (8.4) as

(8.11)

(8.12) a <|B(e”)]* =A@ <b
and the vector field V' as
(8.13)
_i n—1 0y 0 0\ .—if 2_. ﬁ
V= 3 (B - Ao+ 00) (5~ ina(0) + 0 ).
where

(8.14) a(f) =
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It follows from (8.12) that the real part of a(f) is nowhere zero. We can therefore
assume that Re(a) > 0 so that

1 2

(8.15) a(9)dd € RT +iR.

:% .

It follows then from [M2] that there exists 6 > 0 such that the equation Vu = 0
has a solution of the form

(8.16) u(r,0) = r'/ e B(r,0),
with
(8.17) B e CL(As\{r =0}) U C°(As)

and B(0,0) # 0 for every 6. Hence, for § small enough u is a homeomorphism from

AY onto its image u(A}). The expression of the function u in terms of the variable
z=re? is

(8.18) w(z) = |—;|Z|WB(Z)

with B(z) = B(u=*(z)). Thus

(8.19) w € CY(D(0,€)\0) N C7(D(0,¢))

for any positive number o satisfying

(8.20) 0<o< Re(%).

Furthermore, w is a homeomorphism and satisfies equation (8.5). g

As a consequence of Theorem 8.1 we get the following factorization result.

Theorem 8.2. If u is a C°-solution of (8.5) defined near 0 € C, then there exists
a holomorphic H such that w = H o w, where w is the homeomorphic solution of
(8.5) as in Theorem 8.1.

Remark 8.1. The following question (motivated by geometric considerations) is
considered in [W] (page 52). Given A(z,y) and B(x,y) real analytic functions
defined near 0 € R? such that

A
(x’y)}gKa for 2 +4* < R?,

B(z,y)
the question is to determine whether the Beltrami equation wz = (A/B)w, has a
meromorphic solution. That is, a solution of the form

f(z,y)

w(z,y) = ——

9(z,y)
with w a local homeomorphism at 0 and f and g real analytic. In view of The-
orem 8.1 and its proof, in general, there are no nontrivial meromorphic solutions
to such Beltrami equations. Indeed, a necessary condition for the existence of a
meromorphic solution is that the invariant A (see (8.15)) of the associated vector
field V' (as in (8.13)) must be in Z*. This follows from the fact that if the solu-
tion is meromorphic, then its expression in polar coordinates (r,8) would be a real
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analytic integral of V and thus A\ € Z* (see [M1] and [M2]). However, for given
real analytic functions A, B, the associated invariant A is not necessarily in Z. In
fact, even when A € Z™, there are vector fields without nontrivial C* solutions (see

[CGI).

[BCH]
[BCP]
[BgM1]
[BgM2]
[BhM1]
[BhM2]
B]

[CG]
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